The propagation and scattering of waves on the Timoshenko beam are investigated by using the method of wave propagators. This method is more general than the scattering operators connected to the imbedding and Green function approaches the wave propagators map the incoming eld at an internal position onto the scattering elds at any o t h e r i n ternal position of the scattering region. This formalism contains the imbedding method and Green function approach as special cases. Equations for the propagator kernels are derived, as are the conditions for their discontinuities. Symmetry requirements on certain coupling matrices originating from the wave splitting are considered. They are illustrated by t wo s p eci c examples. The rst being an unrestrained beam with a varying cross section and the other a homogeneous, viscoelastically restrained beam. A numerical algorithm for solving the equations for the propagator kernels is described. The algorithm is tested for the case of a viscoelastically restrained, homogeneous beam. In a limit these results agree with the ones obtained for the re ection kernel by a previously developed algorithm for the imbedding re ection equation.
Introduction
In the recent past, several direct and inverse wave propagation problems for the Timoshenko beam have been addressed using time domain techniques. The start of such analysis in beam theory being marked by the discovery of the wave splitting of the Timoshenko beam equation by Olsson and Kristensson 1] . The wave splitting was used together with the Green function technique in 2] for the direct propagation of waves on a free, homogeneous beam. In 3] t h e i m bedding method was E-mail address:peter.folkow@me.chalmers.se 1 applied to derive equations for the re ection and transmission operator kernels. The imbedding equations have subsequently been used in the investigation of direct problems 4, 5] a n d h a ve a l s o found application in inverse beam problems such as the reconstruction of the varying cross section of a free inhomogeneous beam, see 4] . Another inverse problem is treated in 6] and deals with the reconstruction of the layer properties of a homogeneous beam on a semi-in nite viscoelastic foundation.
The present paper concerns the propagation of exural waves on an inhomogeneous and viscoelastically restrained Timoshenko beam, utilizing the propagator technique and the wave splitting of a free homogeneous beam 1]. The wave splitting results in coupled equations for the split elds in the inhomogeneous and restrained region 3]. The various elds in this region are related through propagators, which are operators mapping the incoming eld at a certain cross section onto the scattered elds at an arbitrary position. The propagator technique was in this context introduced by Karlsson and Stewart 7] for dispersive electromagnetic wave propagation. Since then, the method has been applied extensively to electromagnetic problems 8, 9, 10, 1 1 , 1 2 , 1 3 , 1 4 ] , but also to elastodynamic 15] and viscoelastic 16] w ave propagation problems.
The properties of the propagating waves for small wave f r o n t times are of considerable interest in electrodynamics 8, 9, 13, 1 4 , 1 7 , 1 8 ] . Here the early time behavior of the propagators, characterized by rapid oscillations and high amplitudes, is approximated by time-domain precursors using various power series expansions. These e ects are not seen in the present paper which m a k e the precursor e ects negligible. More accurate approximations are obtained by omitting convolutional terms in the propagator expressions. However, since the solution of the propagator equation is not very time consuming, no results based on various approximated equations are presented in this paper. A w ay of estimating the contributions from precursors are given in 9]. Section 2 brie y reviews the equations of an inhomogeneous Timoshenko beam on a viscoelastic support. The concepts of wave splitting and travel time coordinate transformation are summarized in Section 3. Section 4 introduces the wave propagator formalism and states explicit representations for the propagators in terms of integral kernels. The equations for the propagator kernels are derived in Section 5 and the corresponding discontinuities are treated in Section 6. The relation of the wave propagators to the imbedding technique and the Green function approach i s given in Section 7. Section 8 discusses symmetries of the coupling matrices and their representations for two di erent cases. The numerical algorithm when solving for the propagator kernels is presented in Section 9 and some numerical examples are given in Section 10 for a homogeneous beam on a viscoelastic support. Finally, the propagator kernel equations and the corresponding discontinuities in the case when the sources are located to the right of the scattering region are presented and discussed in Appendix A.
Preliminary remarks
In this and the next section, some of the basic work presented in 3] is brie y reviewed. Consider a b e a m w h i c h is inhomogeneous and vertically restrained over a nite region (Figure 1 ). This part of the beam will henceforth be referred to as the region of inhomogeneity and its length is taken . Inside a region of inhomogeneity t h e s e w aves couple and the interpretation of purely right and left moving elds is in general not valid. However, the wave splitting transformation remains a suitable mathematical tool for studying scattering by inhomogeneities.
The part of (2. 
Travel time coordinates
It is convenient to express the dynamics The case in which all sources are present in the homogeneous region z > 1 is studied in Appendix A. Note that there are no restrictions on the relative magnitudes of x and y. When y < x , the elds are propagated backward in both time and space. where the distributional parts of the integrands have been extracted on the right-hand side. Inserting the representations (4.6) into the dynamics (3.7) and then making use of the relations (5.1) results in equations consisting of convolutions with u + and sums over contributions from the curves of discontinuity. These parts can be proven independent and therefore must be treated 
3)
The equations for the discontinuities are The propagator kernels are independent of the incoming and the scattered elds and depend solely on the properties of the region of inhomogeneity. Note that the relations above a r e v alid without any restrictions on the relative magnitudes of x and y. Moreover, in order for the solutions of (5.2) and (5.3) to be causal and the representations (4.6) to be consistent with the scattering problem, the following boundary and initial values must hold for the propagator kernels The remaining jump discontinuities of P ;+ are determined by using the corresponding propagator 
Related techniques
The wave propagators are related to other time domain formalisms such as the Green function technique and the imbedding method. This section presents these approaches as special cases of the propagator technique. 
The Green function technique
In the Green function approach operators G map the incident elds at z = 0 t o the scattered ones at y > 0 ( Figure 5 
The imbedding method

Symmetry properties illustrated by two examples
This section deals with the various symmetries that exists for the coupling functions (3.5). Their explicit representations, together with the discontinuities of the propagator kernels, are given for two d i e r e n t cases.
First consider the operator identity L = I@ z ; from (3.2), where I is a four-by-four identity matrix. The matrices C and F are independent under a re ection of the coordinate system in the origin e z = ;z. Thus Since the multiplicative terms N ij are non-zero, there are several jump discontinuities according to Section 6. These explicit expressions are straightforward to obtain, and thus not presented here.
Numerical method
This section describes an algorithm for solution of the partial integro-di erential equations satis ed by the propagator kernels. A numerical example is presented in Section 10 for a homogeneous beam on a viscoelastic layer. It has been found that the time dependent coupling matrices are of exponential order 1= 2], where is a characteristic time parameter of the beam and is de ned in Section 3. In order to suppress numerical instabilities that occur in the numerical treatment of the equations for the propagator kernels, this exponential factor is extracted. Thus, introduce the transforma- 
Numerical integration of the propagator equations
In the examples considered in Sections 8.1 and 8.2 it is assumed that the velocity ratio is constant. Thus, (y x) = (y ; x)= from (3.6). To form the mesh of calculation, the spatial interval y 2 x 1] is divided into N subintervals. The time step, h, is subsequently chosen so that the characteristic curves corresponding to d 1 (x) coincide with a node point in the mesh at every time step, this means s k = kh k = 0 1 2 : : : y n = x + nh y n = 0 1 2 : : : N :
The time step is related to the spatial step through h = (1= ; 1)h y and h y = (1 ; x)=N. The discretized kernel elements of (9.1) are denoted P + ij nk = P + ij (y n x s k ) and P + ij (y) k = P + ij (y x s k ). The equation for each element is approximated along its family of characteristic curves, by using the method of Euler and the trapezoidal quadrature rule. These discretizations are used to set up a predictor-corrector procedure, in which Euler's method, the predictor, supplies a starting value for an iteration sequence which is generated by the trapezoidal rule, the corrector. In the algorithm used here, a uniform calculation mesh is formed and linear interpolation is used to calculate data at points which are not on this mesh. Since the propagator kernels have jump discontinuities across the characteristic curves d The superscript p = 0 1 2 : : : enumerates the iteration sequence for P + ij nk with both n and k xed. The iteration for the uniform mesh is conducted for n = 0 1 : : : N with k x. The points of in uence on the point of calculation, (y n s k ), belong to the set f(y n;1 s k )g f (y q s r ) : q = n ; 1 n n + 1 0 r k ; 1g.
The temporal convolutions of the functionals stated in (9.2) are approximated by the trapezoidal quadrature rule using the uniform time step h. The discretized versions of J are each subdivided into two parts. One that depends on P + (y s p ) for past time, 0 < p k ; 1, and one extracted part that depends on P + (y s k ), respectively. Note that P ++ ij = 0 at the left boundary and therefore only the iterations for P ;+ ij have to be conducted at x = 0. Also, at the right boundary P ;+ ij = 0 and only the elements P ++ ij have to be iterated for at x = 1 . At a l l i n terior points the kernel elements are simultaneously iterated for.
Algorithm 1 The scheme for computation of the propagator kernels. In performing the linear interpolation, knowledge of the intersections of the discontinuity characteristics with the present time step is used to ensure that no interpolation is performed across such a characteristic curve. If a point of interpolation should fall in between a node and a jump discontinuity, then the value at the node is used (zeroth order interpolation). 
Conclusion
In this paper, the wave propagator method is applied in the study of of wave scattering on a viscoelastically restrained, inhomogeneous Timoshenko beam. The propagators are operators that map the incoming eld at a x cross section onto the scattered elds at an arbitrary position. The a i m o f t h e w ork is to present equations for the propagator kernels together with expressions for their jump discontinuities. In addition, certain symmetry properties are obtained for the coupling matrices of an inhomogeneous beam as well as for a homogeneous beam subjected to viscoelastic damping. The behaviour of the propagator kernels is presented in a numerical example concerning the viscoelastically restrained beam. The imbedding approach and the Green function technique are related to the propagator formalism. Especially, the propagator kernel P ;+ (y x s) is equal to the imbedding re ection kernel in the limit (y x) ! (0 0). This fact is used to check the agreement of the numerical results for the propagators with the results for the corresponding re ection kernel obtained by a previously developed algorithm.
A future extension of this work is to study the wave propagation in periodic structures. As an example, a railroad track m a y be modelled by a homogeneous beam resting on a periodic layer. It is likely that the propagators obtained for one period may be used in an e cient w ay t o d e v elop propagators for an arbitrary number of periods, see 7] . Also, it would be of interest to study the propagation of waves on a homogeneous beam on an elastic foundation with spatially varying spring constants. The propagator method may be used to include the in uence of distributed piezoelectric sensor and actuator layers on the beam, which has applications in structural control technologies. This appendix treats an analogous scattering problem to the one presented above. The only di erence being that all sources are now present in the region z > 1 and generate elds that propagate in the negative z-direction (Figure 12 ). The aim is to study the corresponding propagators and to Using the dynamics (3.7), the equations for the propagator kernels that corresponds to (5. The equations for the discontinuities become 
